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1. Introduction
Throughout this paper, we let r′ = √1− r2 for r ∈ (0,1). For real numbers a,b and c with c = 0,−1,−2, . . . , the Gaussian
hypergeometric function is deﬁned by (cf. [10])
F (a,b; c; x) =2 F1(a,b; c; x) ≡
∞∑
n=0
(a,n)(b,n)
(c,n)
xn
n! , |x| < 1, (1)
where (a,0) = 1 for a = 0, and (a,n) denotes the shifted factorial function
(a,n) = a(a + 1)(a + 2) · · · (a + n − 1) = Γ (n + a)
Γ (a)
(2)
for n ∈ N≡ {k: k is a positive integer}. For r ∈ (0,1) and a ∈ (0,1), the generalized elliptic integrals are deﬁned as (cf. [1])
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
Ka = Ka(r) = π
2
F
(
a,1− a;1; r2),
K′a = K′a(r) = Ka
(
r′
)
,
Ka(0) = π
2
, Ka(1) = ∞
(3)
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⎪⎪⎪⎪⎩
Ea = Ea(r) = π
2
F
(
a − 1,1− a;1; r2),
E ′a = E ′a(r) = Ea
(
r′
)
,
Ea(0) = π
2
, Ea(1) = sin(aπ)
2(1− a) .
(4)
In the particular case a = 1/2, the functions Ka(r) and Ea(r) reduce to the well-known complete elliptic integrals K(r) and
E(r) of the ﬁrst and second kind (cf. [10]), respectively. By the symmetry of parameters a and 1− a in (3), we may assume
that a ∈ (0,1/2] in the sequel.
It is well known that the generalized elliptic integrals are indispensable in geometric function theory, quasiconformal
theory, physics and other related ﬁelds. Recently many authors studied numerous properties and proved several inequalities
for generalized elliptic integrals and related special functions [1–4,7–9,12–15].
For x, y ∈ (0,+∞), the Hölder mean of order p is deﬁned by
Hp(x, y) =
{
(
xp+yp
2 )
1/p, if p = 0,√
xy, if p = 0.
For p = −1 the harmonic mean H = H−1, for p = 0 the geometric mean G = H0, and for p = 1, we get the arithmetic mean
A = H1. It is well known that Hp(x, y) is continuous and increasing with respect to p. The main properties of the Hölder
mean are given in [5,6].
In [4] Baricz proved the following inequality
Hp
(K(x), K(y))K(Hp(x, y))
for all x, y ∈ (0,1) and p ∈ (0,2]. An extension of this inequality to two different Hölder means has been proved by Zhang et
al., see [15]. Very recently, E. Neuman [9, Theorem 4.10] has extended some of these results to the case of three parameter
generalized complete elliptic integrals, and in the same paper he also studied the dependence of generalized complete
elliptic integrals on the parameter.
Our purpose of this paper is to extend Baricz’s inequality to the case of the generalized elliptic integrals.
We now state the main results.
Theorem 1.1. Let a ∈ (0,1/2]. There exists a constant p0 ∈ [1/(1− a),2] such that the inequality
Hp
(Ea(x), Ea(y)) Ea(Hp(x, y)) (5)
holds for all x, y ∈ (0,1) if and only if p  p0 . For p  p0 , the sign of equality in (5) is valid if and only if x = y. There is no real value
of p for which the reverse inequality holds for all x, y ∈ (0,1).
Corollary 1.2. The inequality
Hp
(E(x), E(y)) E(Hp(x, y))
holds for all x, y ∈ (0,1) if and only if p  2.
Theorem 1.3. Let a ∈ (0,1/2]. The inequality
Hq
(Ka(x), Ka(y))Ka(Hq(x, y)) (6)
holds for all x, y ∈ (0,1) if and only if q0  q 2, where q0  1− 1/(a(1− a)) is deﬁned in Lemma 2.9. For q0  q 2, the equality
in (6) is valid if and only if x = y. There is no real value of q for which the reverse inequality holds for all x, y ∈ (0,1).
Corollary 1.4. The inequality
Hq
(K(x), K(y))K(Hq(x, y))
holds for all x, y ∈ (0,1) and q ∈ [−3,2].
2. Preliminaries
Before we prove our main results, we need to establish several technical lemmas, which we present in this section.
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dKa
dr
= 2(1− a)(Ea − r
′2Ka)
rr′2
,
dEa
dr
= 2(a − 1)(Ka − Ea)
r
,
d(Ka − Ea)
dr
= 2(1− a)rEa
r′2
,
d(Ea − r′2Ka)
dr
= 2arKa.
The following Lemma 2.2 is from [1, Lemma 5.2(1), (2), (3), Lemma 5.4(1), (2)] and [11, Theorem 2.25(2)].
Lemma 2.2. Let a ∈ (0,1/2]. Then
(1) (Ea − r′2Ka)/r2 is increasing from (0,1) onto (πa/2, sin(πa)/(2(1− a))).
(2) (Ea − r′2Ka)/(r2Ka) is decreasing from (0,1) onto (0,a).
(3) r′2Ka/Ea is decreasing from (0,1) onto (0,1).
(4) r′2a(1−a)Ka is decreasing from (0,1) onto (0,π/2).
(5) r′−2(1−a)2Ea is increasing from (0,1) onto (π/2,∞).
(6) r′2a(Ka − Ea)/r2 is decreasing from (0,1) onto (0,π(1− a)/2).
Lemma 2.3. For a ∈ (0,1/2], t ∈ (0,+∞), the function f (t) ≡ logEa(e−t) is concave on (0,+∞). In particular, for x, y ∈ (0,1),√
Ea(x)Ea(y) Ea(
√
xy ), (7)
equality holds if and only if x = y.
Proof. Let r = e−t ∈ (0,1), then dr/dt = −r. By differentiation, we obtain
f ′(t) = 2(1− a)Ka − EaEa ,
which implies that f ′(t) is strictly decreasing on (0,+∞) and f (t) is concave on (0,+∞). Therefore, the inequality (7)
follows from the concavity of f (t). 
Lemma 2.4. For a ∈ (0,1/2], r ∈ (0,1), the function
g(r) = Ea(Ea − r
′2Ka)
r′2Ka(Ka − Ea)
is increasing from (0,1) onto (a/(1− a),+∞).
Proof. g(r) can be rewritten as
g(r) = Ea
r′2(1−a)2
1
r′2a(1−a)Ka
(Ea − r′2Ka)/r2
r′2a(Ka − Ea)/r2 .
Therefore, Lemma 2.4 follows from Lemma 2.2. 
Lemma 2.5. For a ∈ (0,1/2], g(r) is deﬁned as in Lemma 2.4, and h1(r) = [(1 − 2a)/(2(1 − a))][Ea/Ka] − 1. Then the function
h(r) = h1(r)p + 1 + g(r) is positive for all r ∈ (0,1) if and only if p  p0 , where the constant p0 ∈ [1/(1 − a),2]. There is no value
of p for which the function h is negative for all r ∈ (0,1).
Proof. We ﬁrst assume that a ∈ (0,1/2). It is easy to see h1(r) ∈ (−1,−1/(2(1− a))), and
lim
r→0+
1+ g(r)
−h1(r) = 2, limr→1−
1+ g(r)
−h1(r) = +∞.
So we have
p0 ≡ inf 1+ g(r)  2.
0<r<1 −h1(r)
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1+ g(r)
−h1(r) >
1+ g(0+)
−h1(1−) =
1
1− a .
Hence we obtain 1/(1 − a)  p0  2. By the continuity we see that the range of the function r 
→ (1 + g(r))/(−h1(r)) is
[p0,∞). Therefore the results of lemma follow. If a = 1/2, h1(r) ≡ −1 and h(r) = −p + 1 + g(r), hence the results follow
from Lemma 2.4. This completes the proof. 
Lemma 2.6. For a ∈ (0,1/2],
F (r) = E p−1a Ka − Earp
is increasing in (0,1) if and only if p  p0 . If p > p0 , the function F is not monotone on the whole interval (0,1).
Proof. By logarithmic differentiation in r, we obtain
F ′(r)
F (r)
= 2(1− a)Ka
rEa
h(r),
where h(r) is the same as in Lemma 2.5. Therefore, the result clearly follows from Lemma 2.5. 
Lemma 2.7. For a ∈ (0,1/2], r ∈ (0,1), the function g1(r) = (3 − 2a)r′2Ka − 2(1 − a)Ea is decreasing from (0,1) onto
(− sin(πa),π/2). There exists r0 ∈ (0,1) with g1(r0) = 0 such that g1(r) > 0 for r ∈ (0, r0), and g1(r) < 0 for r ∈ (r0,1).
Proof. g1(r) can be rewritten as
g1(r) = 2(1− a)
(
r′2Ka − Ea
)+ r′2Ka.
Therefore, Lemma 2.7 follows from Lemma 2.1 and Lemma 2.2. 
Lemma 2.8. For a ∈ (0,1/2], g1(r) is deﬁned as in Lemma 2.7, I1(r) = [2ar2KaEa + 2(1 − a)(Ea − r′2Ka)(Ka − Ea)]/[(Ea −
r′2Ka)g1(r)] and I2(r) = 2ar2Ka/(Ea − r′2Ka)+ 2(1− a)(Ka − Ea)/Ea. Then the function I(r) = g1(r)I1(r)− qg1(r) is positive for
all r ∈ (0,1) if and only if q0  q 2, where q0  I2(r0)/[−2(1− a)]. There is no value of q for which the function I is negative for all
r ∈ (0,1).
Proof. Case A. If r = r0, then
I(r) = g1(r)I1(r) = 2ar
2KaEa + 2(1− a)(Ea − r′2Ka)(Ka − Ea)
Ea − r′2Ka .
Clearly, for all q ∈ R, I(r) > 0.
Case B. If r ∈ (0, r0), then g1(r) > 0. I1(r) can be rewritten as
I1(r) = I2(r)
g1(r)/Ea
= I2(r)
(3− 2a)r′2Ka/Ea − 2(1− a) .
By Lemma 2.1 and Lemma 2.7, we obtain that I1(r) is increasing from (0, r0) onto (2,+∞). Hence, for r ∈ (0, r0) and q 2,
I(r) 0.
Case C. If r ∈ (r0,1), then g1(r) < 0. Clearly,
lim
r→r0+
I1(r) = −∞, lim
r→1− I1(r) = −∞.
So we have
q0 ≡ sup
r0<r<1
I1(r).
On the other hand
I1(r) = I2(r)
(3− 2a)r′2Ka/Ea − 2(1− a) <
I2(r0)
−2(1− a) .
Hence, we have q0  I2(r0)/[−2(1−a)]. By the continuity we see that the range of the function I1(r) is (−∞,q0). Therefore,
the result of Lemma 2.8 follows. 
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J (r) = Kq−1a Ea − r
′2Ka
rqr′2
is increasing in (0,1) if and only if q0  q 2. If q < q0 or q > 2, the function J is not monotone on the whole interval (0,1).
Proof. By logarithmic differentiation in r, we obtain
J ′(r)
J (r)
= I(r)
rr′2Ka
.
Therefore, the result of the lemma follows from Lemma 2.8. 
Remark. When q = 1− 1/(a(1 − a)), J (r) = r−1+1/(a(1−a))(Ea − r′2Ka)/(r′2K1/(a(1−a))a ) is increasing on (0,1) by Lemma 2.1
and Lemma 2.2(4). Hence, q0  1− 1/(a(1− a)) by Lemma 2.9.
3. Proof of the main results
In this section, we prove the main results.
Proof of Theorem 1.1. If p = 0, the inequality (5) has been proved in Lemma 2.3. So we only need to prove the inequality (5)
for p = 0. We may assume that x y. Deﬁne
G(x, y) = Ea
(
Hp(x, y)
)p − E pa (x) + E pa (y)
2
.
Let s = Hp(x, y), then ∂s/∂x = (x/s)p−1/2. If x < y, then s > x. By differentiation, we have
∂G
∂x
= (1− a)pxp−1
(
E p−1a (x)
Ka(x) − Ea(x)
rp
− E p−1a (s)Ka(s) − Ea(s)sp
)
. (8)
Next, we divide the proof into the following two cases.
Case 1. p < 0. By Lemma 2.6 and (8) we know that ∂G/∂x > 0. Hence G(x, y) < G(y, y) = 0. Thus we get
Ea
(
Hp(x, y)
)p
<
E pa (x) + E pa (y)
2
(9)
for x, y ∈ (0,1) with x = y. From (9) we can easily obtain that inequality (5) is valid for all x, y ∈ (0,1) and p < 0, and
equality holds if and only if x = y.
Case 2. 0 < p < p0. By Lemma 2.6 and (8) we know that ∂G/∂x < 0. Hence G(x, y) > G(y, y) = 0. Thus we get
Ea
(
Hp(x, y)
)p
>
E pa (x) + E pa (y)
2
(10)
for x, y ∈ (0,1) with x = y. From (10) we can easily obtain that inequality (5) holds for all x, y ∈ (0,1) and 0 < p < p0, and
equality is valid if and only if x = y.
The remaining statements can be proved similarly. The proof is complete. 
Proof of Theorem 1.3. If q = 0, the inequality (6) has been proved in [4, Theorem 2.1], so we only need to prove the
inequality (6) for q = 0. We may assume that x y. Deﬁne
G1(x, y) = Ka
(
Hq(x, y)
)q − Kqa(x) + Kqa(y)
2
.
Letting s = Hp(x, y), we have ∂s/∂x = (x/s)p−1/2. If x < y, then s > x. By differentiation, we have
∂G1
∂x
= (1− a)qxq−1
(
Kq−1a (s)
Ea(s) − s′2Ka(s)
sqs′2
− Kq−1a (x)Ea(x) − x
′2Ka(x)
xqx′2
)
. (11)
Next, we divide the proof into the following two cases.
Case I. q0  q < 0. By Lemma 2.9 and (11) we know that ∂G1/∂x < 0. Hence G1(x, y) > G1(y, y) = 0. Thus we get
Ka
(
Hq(x, y)
)q
>
Kqa(x) + Kqa(y)
2
(12)
for x, y ∈ (0,1) with x = y. From (12) we can easily obtain that inequality (6) is valid for all x, y ∈ (0,1) and q0 < q < 0,
and equality holds if and only if x = y.
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Ka
(
Hq(x, y)
)q
<
Kqa(x) + Kqa(y)
2
(13)
for x, y ∈ (0,1) with x = y. From (13) we can easily obtain that inequality (6) holds for all x, y ∈ (0,1) and 0 < p  2, and
equality is valid if and only if x = y.
Hence we complete the proof from Case I and Case II. 
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